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While the standard scenario of third-harmonic generation �THG� by a dispersive-wave pump involves the
emission of light with a frequency 3�, thrice the frequency � of the input pump field, solitons undergoing a
continuous shift of their central frequency � due to the Raman effect in a multimode optical fiber can generate
the third harmonic in a different fashion. In the experiments reported here, we provide the first direct experi-
mental evidence of THG by a continuously red-shifting soliton pump by studying the third-harmonic buildup
in relation to the spectral evolution of the soliton pump field in a silica photonic-crystal fiber �PCF�. We show
that solitons excited in a PCF by unamplified femtosecond pulses of a Cr:forsterite laser sweep through the
spectral range from 1.25 to 1.63 �m, scanning through a manifold of THG phase-matching resonances with
3� dispersive waves in PCF modes. As a result, intense third-harmonic peaks build up in the range of
wavelengths from 370 to 550 nm at the output of the fiber, making PCF a convenient fiber-format multifre-
quency source of short-wavelength radiation. Time-resolved fluorescence measurements with photoexcitation
provided by the third-harmonic PCF output are presented, demonstrating the high potential of PCF sources for
an ultrafast photoexcitation of fluorescent molecular systems in physics, chemistry, and biology.
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I. INTRODUCTION

Third-harmonic generation �THG� is one of the basic
nonlinear-optical processes which has been intensely studied
since the early days of nonlinear optics �1,2�. This process
has been widely used �3� to generate short-wavelength radia-
tion for high-resolution imaging, spectroscopy, microfabrica-
tion, direct excitation of electronic molecular transitions,
multiphoton ionization, stimulation, and steering of photo-
chemical and photobiological processes, as well as prepara-
tion of vibrational wave packets �4�. Standard THG strate-
gies involve cascading second-order nonlinear-optical
processes phase-matched by crystal anisotropy �1,2� or peri-
odic poling in crystals with a high quadratic nonlinearity �5�.

The advent of photonic-crystal fibers �PCFs� �6,7� has
opened a new phase in nonlinear optics, offering new solu-
tions for the creation of compact and efficient fiber-optic
light sources �8,9� and optical frequency converters �10�.
Controlled dispersion of guided modes �11� and large inter-
action lengths �9� provided by these fibers for light fields
strongly confined in a small fiber core �12,13� result in a
radical enhancement of nonlinear-optical frequency conver-
sion and spectral transformation of laser radiation. Third-
order nonlinear-optical processes enhanced in PCFs now of-
fer a useful fiber-format alternative to frequency-conversion
cascades using ��2� nonlinear crystals �14�. Highly efficient
THG has been recently observed in fused silica �15–21� and
multicomponent-glass PCFs �22,23�, as well as in tapered
fibers �24�. THG-based PCF sources of short-wavelength ra-
diation have been recently shown �25� to be a convenient and
powerful tool for time-resolved fluorescence studies on a
broad class of organic molecules.

Femtosecond laser pulses propagating in the range of
anomalous dispersion in PCFs tend to couple into solitons

�26�. Due to the retarded optical nonlinearity of a fiber ma-
terial, solitons undergo a continuous frequency downshift as
they propagate through a fiber, a phenomenon known as soli-
ton self-frequency shift �SSFS� �27,28�. PCFs with a high
optical nonlinearity can substantially enhance this effect
�29�, allowing the creation of efficient and compact fiber-
format frequency shifters for spectroscopy and imaging
�30–32� and suggesting a convenient pump-seed synchroni-
zation scheme in optical parametric chirped-pulse amplifica-
tion �33�. Red-shifted solitons can also serve as a pump for
THG �20,23�. Since dispersion of solitons differs from the
dispersion of linear dispersive waves existing at the same
frequency in a material or a waveguide structure, phase-
matching conditions for a THG process with a soliton pump
are not reduced to the standard phase-matching condition for
THG with a dispersive-wave pump field �23�. The nondisper-
sive nature of solitons, as shown in earlier work �34,35�,
modifies phase matching for four-wave mixing �FWM� in-
volving solitons and linear dispersive waves relative to con-
ventional FWM involving only dispersive waves. Experi-
mental observation of FWM involving both solitons and
dispersive waves has been reported by Efimov et al. �36�. In
a recent experiment �23�, THG by a soliton pump has been
observed.

While the earlier studies have shown the possibility of
frequency up-conversion to the short-wavelength region
through THG in high-order modes of PCFs �15–19�, revealed
the physical mechanisms shifting the central frequency of the
third harmonic from 3� �14,21�, and demonstrated new
phase-matching options in dispersive-wave THG by a soliton
pump �23�, in this work we analyze the buildup of the third-
harmonic signal in relation to the spectral evolution of the
soliton pump field in a PCF to provide direct experimental

PHYSICAL REVIEW E 75, 016614 �2007�

1539-3755/2007/75�1�/016614�7� ©2007 The American Physical Society016614-1

http://dx.doi.org/10.1103/PhysRevE.75.016614


evidence of THG by a continuously red-shifting soliton
pump. We will show that while standard THG scenarios in-
volve the emission of light with a frequency 3�, thrice the
frequency � of the input pump field, solitons undergoing a
continuous shift of their central frequency � due to the Ra-
man effect in a multimode optical fiber can generate the third
harmonic in a different fashion. In the experiments reported
here, solitons excited in a PCF by unamplified 100–120-fs
pulses of a Cr:forsterite laser sweep through the spectral
range from 1.25 to 1.63 �m, scanning through a manifold of
THG phase-matching resonances with 3� dispersive waves
in PCF modes. As a result, intense third-harmonic peaks
build up in the range of wavelengths from 370 to 550 nm at
the output of the fiber, making PCF a multifrequency source
of short-wavelength radiation.

II. PROPAGATION DYNAMICS OF ULTRASHORT
LASER PULSES IN GUIDED MODES

OF PHOTONIC-CRYSTAL FIBERS

To explore the dynamics of laser pulses propagating
through the PCF, we numerically solved the generalized non-
linear Schrödinger equation �GNSE� �26,37� for the field en-
velope A=A�z , t�:
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where z is the propagation coordinate, t is the time variable,
� is the retarded time, ��k�=Re��k� /��k�, and � is the propa-
gation constant of the waveguide mode. Fiber losses are in-
cluded through the coefficients ��k�=Im��k� /��k�. The non-
linear polarization Pnl�� ,�� in Eq. �1� is defined in such a
way �38� as to include the retarded nonlinearity of the fiber
material and the wavelength dependence of the effective
mode area:

Pnl��,�� = iF̂−1� n2�

cSef f���
p̃nl��,�0 − ��	 , �2�

where n2 is the nonlinear refractive index of the fiber mate-
rial, � is the current frequency, �0 is the central frequency of
the input field, c is the speed of light, Sef f
= �
−�
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� �f�x ,y��4dxdy is the effec-

tive mode area, f�x ,y� is the field profile in a waveguide

mode, and the operator F̂−1�•� denotes the inverse Fourier
transform. The frequency-domain nonlinear polarization in
Eq. �2� is defined through the direct Fourier transform,

p̃nl��,� − �0� = F̂�A��,���
−�

�

R�t��A��,� − t��2dt	 , �3�

including both the instantaneous, Kerr nonlinearity and the
retarded, Raman contribution via the nonlinear response
function

R�t� = �1 − fR�	�t� + fR
�t�
�1

2 + �2
2
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� , �4�

where fR is the fractional contribution of the Raman re-
sponse; 	�t� and 
�t� are the delta and the Heaviside step
functions, respectively; and �1 and �2 are the characteristic
times of the Raman response of the fiber material. For fused
silica, fR=0.18, �1=12.5 fs, and �2=32 fs. The nonlinear po-
larization Pnl�� ,�� defined in the form of Eq. �2� not only
helps to include the influence of the frequency-dependent
effective mode area Seff on the nonlinear coefficient
�= �n2�� / �cSeff�, but also gives a correct definition of the
local field intensity, which also depends on Seff���.

In experiments presented below in this paper, we used a
silica PCF with a cross-section structure shown in inset 1 to
Fig. 1 and a core diameter of 1.85 �m. To analyze dispersion
properties and transverse field profiles f�x ,y� for the guided
modes of this type of PCF, we employed a numerical proce-
dure based on polynomial expansion in localized functions
�39�. Figure 1 displays the group-velocity dispersion �GVD�
and the effective mode area Seff calculated as functions of
radiation wavelength for the fundamental PCF mode �shown
in inset 2 in Fig. 1�. The GVD for the fundamental PCF
mode vanishes at 730 nm �curve 1�, providing anomalous
regime of pulse propagation for 1.25-�m radiation of Cr:for-
sterite laser. Effective mode area Seff tends to increase for
longer wavelengths �curve 2� because of diffraction, leading
to a lower nonlinearity of the PCF in the long-wavelength
range. At the central wavelength of Cr:forsterite laser radia-
tion �1.25 �m�, the effective mode area of the fundamental
PCF mode is 2.5 �m2, which corresponds to the nonlinear
coefficient �
60 �km W�−1.

Cr:forsterite laser radiation is red-shifted in our experi-
ments through soliton mechanisms, generating the third har-
monic in the range of wavelengths from 370 to 550 nm. In

FIG. 1. Group-velocity dispersion �curve 1� and the effective
mode area Seff �curve 1� calculated as functions of radiation wave-
length for the fundamental mode of the PCF shown in inset 1. Inset
2 displays the transverse field intensity profile in the fundamental
PCF mode.
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this range, the considered type of PCF is essentially multi-
mode. High-order waveguide modes play a significant role in
the THG process, as they provide phase matching between
the red-shifted solitons and dispersive-wave third-harmonic
field. For a given fiber dispersion profile, such a phase
matching is impossible for the third harmonic generated in
the fundamental mode, which is quite typical of THG in
optical fibers. In Fig. 2, we present field intensity profiles for
nine high-order guided modes of the considered type of PCF
that contribute to the multimode-phase-matched THG pro-
cess in our experiments.

III. EXPERIMENTAL RESULTS AND DISCUSSION

A. Soliton dynamics of femtosecond pump pulses

In experiments, we used a Cr:forsterite laser system based
on a two-arm long-cavity master oscillator consisting of a
10-mm Cr4+:forsterite crystal, a set of totally reflecting mir-
rors, an 8% output coupler, and a prism pair for dispersion
compensation. The laser oscillator was pumped with a
7.5-W ytterbium fiber laser radiation. The laser cavity was
adjusted to generate 70–120-fs pulses with an average power
up to 180 mW and a central wavelength of 1.25 �m at a
repetition rate of about 20 MHz.

Cr:forsterite laser pulses tend to form optical solitons as
they propagate through the PCF in the regime of anomalous
dispersion. These solitons experience a continuous frequency
downshift due to the Raman effect. In Fig. 3, we present a
characteristic example of efficient soliton frequency shifting
of an unamplified Cr:forsterite laser pulse with an initial en-
ergy of 0.5 nJ and an input spectrum shown by the dashed
line. The input pulse is efficiently coupled into a soliton,
which experiences a wavelength shift exceeding 100 nm
within 12 cm of PCF due to the Raman effect.

The soliton wavelength shift increases as the solitons
propagate along the fiber �Fig. 4�. Group-delay effects trans-
fer this spectral shift into the time delay of solitons, leading

to the isolation of frequency-shifted solitons in the time do-
main. For a short �3-cm� piece of PCF, wavelength-shifted
solitons still partially overlap in time and frequency, which
gives rise, as can be seen from the upper panel in Fig. 4, to
well-pronounced interference fringes in the long-wavelength
part of the output spectrum. As the radiation field propagates
further on along the fiber, the frequency separation and the
time interval between the red-shifted solitonic peaks increase
�the upper panel in Fig. 4�. As a result, for longer pieces of
PCF, frequency-shifted solitons are observed as well-
resolved peaks in the long-wavelength part of the output
spectra �spectral peaks centered at 1.44 and 1.59 �m for a
30-cm PCF in Fig. 4�. As can be seen from the comparison
of the experimental spectra �filled circles in Fig. 4� with the
results of numerical simulations �the solid line in Fig. 4�, the
GNSE-based model, defined by Eqs. �1�–�4�, provides an
adequate description of the main tendencies in the spectral
transformation of Cr:forsterite laser pulses in PCFs observed

FIG. 2. High-order PCF modes allowing
phase matching between a dispersive-wave third-
harmonic field and solitons excited by Cr:forster-
ite laser pulses in the fundamental PCF mode.

FIG. 3. The spectrum of Cr:forsterite laser pulses transmitted
through a 12-cm PCF �filled circles connected by a solid line�. The
spectrum of the input pulse is shown by the dashed line. The input
pulse energy is 0.5 nJ.
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in our experiments. High-order dispersion and the wave-
length dependence of the effective mode area �Fig. 1� tend to
reduce the SSFS rate in the long-wavelength spectral region
�see also �40,41��.

B. Third-harmonic generation by frequency-shifting solitons

The third harmonic is generated in PCFs by laser radia-
tion of any wavelength lying within the fiber transmission
range through the third-order optical nonlinearity of fiber
material. However, the efficiency of THG becomes sufficient
to yield an intense signal in the spectrum at the output of the
fiber only if the phase-matching condition is satisfied. In
standard regimes of THG in a bulk material or in a wave-
guide �1,2�, pump radiation with a given spectrum centered
at frequency � generates the third-harmonic signal centered
at 3�. Phase matching then requires the equality of refractive
indices �effective mode indices in waveguide THG� at the
pump and third-harmonic frequencies,

nm�3�� = nn��� , �5�

where nm�3�� and nn��� are the effective mode indices,
which can include both waveguide and material dispersion
for the mth and nth waveguide modes at the frequencies of
the third harmonic and the pump field, respectively.

In the case considered here, frequency-shifting solitons
serve as a pump field. The central frequency of the pump �
is thus a variable which changes as a function of the propa-
gation coordinate. In this regime, the pump field with a con-
stantly varying central frequency sweeps over a broad wave-
length range �from 1250 to 1630 nm in our experiments, see
Figs. 3 and 4, and inset 2 in Fig. 5�, allowing the generation
of the third harmonic at different frequencies 3�. Phase
matching, however, allows efficient THG only at those fre-
quencies where the soliton pump is phase-matched with the
dispersive-wave third-harmonic field. This type of phase
matching physically and mathematically differs from phase
matching for THG with a dispersive-wave pump.

To analyze phase matching for a THG process where a
soliton pump field generates dispersive-wave third harmonic
through the cubic nonlinearity of the medium, we represent
the electric field in the soliton as

A = ����exp�− i�st + i��n��s� + q�z� , �6�

where �= t−z /vg is the retarded time, �n is the propagation
constant of the nth waveguide mode, z is the propagation
coordinate, �s and vg are the central frequency and the group
velocity of the soliton, ���� is the soliton pulse shape,
q=�P /2, and P is the soliton peak power.

Representing A in Eq. �6� in the form of a Fourier inte-
gral,

A =� F̂���exp�− i��s − ��t

+ i��n��s� + q −
�s − �

vg
	z�d� , �7�

where F̂��� is the Fourier transform of the soliton spectrum,
we introduce the soliton propagation constant �see also
�42,43��

�sol��� = �n��s� + q +
� − �s

vg
. �8�

The propagation constant of dispersive-wave third har-
monic emitted in the mth guided mode is written as

�TH�3�� = �m�3�� . �9�

With the effective mode index for the dispersive-wave
third harmonic defined as nm�3��=�TH�3��c / �3��, the
phase-matching condition for THG by a soliton pump field is
given by

FIG. 4. Measured �filled circles� and computed �solid line� spec-
tra of Cr:forsterite laser pulses transmitted through the PCF with a
length of 3 cm �upper panel� and 30 cm �lower panel�. The input
pulse energy is 1.2 nJ. The initial pulse width is 120 fs.

FIG. 5. Typical spectrum of the third-harmonic PCF output. The
fiber length is 35 cm. The input pulse energy is 2.5 nJ. The initial
pulse width is 100 fs. Inset 1 shows the far-field image of the third-
harmonic beam from the PCF. Inset 2 displays the infrared part of
the PCF output spectrum under the same experimental conditions.
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nm�3�� = nsol��� , �10�

where nsol���=�sol��� /k is the effective mode index for the
soliton, k=2
 /�, and � is the radiation wavelength.

Equality �10� illustrates our argument that the phase-
matching condition for THG with a soliton pump differs
from the phase-matching condition for THG with a
dispersive-wave pump �Eq. �5��. The nonlinear nature of a
soliton pump modifies its dispersion relative to a linear dis-
persive wave through the nonlinear term q in Eq. �8�. Phase
matching under these conditions becomes dependent on the
peak power of the pump field.

In Fig. 5, we present a typical spectrum of the third har-
monic generated in the considered type of PCF by 100-fs
2.5-nJ Cr:forsterite laser pulses. The spectrum of the third
harmonic produced under these conditions features a set of
intense peaks with wavelengths ranging from
370 to 550 nm. The far-field beam pattern of the third-
harmonic signal indicates that the third harmonic is most
efficiently generated in high-order PCF modes �cf. Fig. 2
with inset 1 in Fig. 5�. Well-resolved peaks observed in the
infrared part of the PCF output spectrum �inset 2 in Fig. 5�
visualize the red-shifted solitons produced by input laser
pulses. The spectrum of the solitonic part of the field propa-
gating in the fiber stretches up to 1.63 �m.

In Fig. 6, we present a graphical analysis of phase match-
ing for typical conditions of our THG experiments with
PCFs. The filled circles connected by a solid line display the
spectrum of the third harmonic generated in a 30-cm piece of
PCF by Cr:forsterite laser pulses with an input energy of 2 nJ
and an initial pulse width of 120 fs. The central wavelengths

of these peaks are virtually the same as the central wave-
lengths of the peaks observed in the spectrum of the third
harmonic in Fig. 5. The spectral shapes of the peaks in these
two figures are, however, slightly different because of differ-
ent input pulse parameters. The solid lines labeled as disper-
sive waves in Fig. 6 represent the effective mode indices nm
of high-order PCF modes with field-intensity profiles shown
in Fig. 2, calculated as functions of radiation wavelength in
the third-harmonic spectral range, shown by the lower ab-
scissa axis. The bold line shows the effective mode index nsol
of the soliton pump in the fundamental PCF mode as a func-
tion of the pump wavelength �the upper abscissa axis�. Phase
matching of Eq. �10� is achieved at the wavelengths � where
the bold line, representing nsol���, crosses one of the solid
lines, representing nm�� /3�.

The central frequencies of the peaks observed in the spec-
trum of the third harmonic, as can be seen from Fig. 6, cor-
relate well with nsol���=nm�� /3� phase-matching reso-
nances. The maximum THG conversion efficiency for a
40-cm PCF pumped by 2.5-nJ 100-fs Cr:forsterite laser
pulses is on the order of 0.1% in our experiments. One of the
possibilities for the improvement of the THG efficiency in
PCFs involves designing PCFs with special dispersion and
mode-area profiles providing larger interaction lengths for
red-shifted solitons and the third-harmonic field. With appro-
priate dispersion and mode area profiles, the soliton fre-
quency shift rate can be substantially reduced in the long-
wavelength spectral region due to high-order dispersion
effects and diffraction, allowing more efficient interaction of
red-shifted solitons with third-harmonic pulses.

The presented experimental studies of the third-harmonic
buildup in relation to the spectral evolution of the soliton
pump field in a PCF provide the first direct experimental
evidence of THG by a continuously red-shifting soliton
pump. This regime of THG helps to identify new possibili-
ties offered by nonlinear fiber optics and suggests attractive
practical solutions for the creation of compact fiber-format
light sources. The sequential generation of discrete spectral
components in the third-harmonic region by a continuously
frequency-shifting soliton allows the spectral content of the
short-wavelength fiber output to be engineered by tailoring
the frequency profiles of fiber dispersion and mode area,
varying the input pulse parameters, and changing the fiber
length. On the other hand, the third-harmonic PCF output
with the spectrum shown in Fig. 5 holds much promise as a
convenient fiber source for an ultrafast photoexcitation of a
broad class of molecular systems in physics, chemistry, and
biology.

To demonstrate this function of the considered regime of
THG in PCFs, we chose solution of fluorescein dye as a test
system. Absorption spectrum of fluorescein in solution is
shown by curve 1 in Fig. 7. The fiber length and pulse pa-
rameters were optimized in these experiments to provide the
maximum power of the peak at 445 nm. The spectrum of the
third-harmonic output of this fiber scattered off a diffraction
grating and filtered with a slit is presented by curve 2 in Fig.
7. The 445-nm peak in the third-harmonic output of the PCF,
as can be seen from the comparison of curves 1 and 2 in Fig.
7, is ideally suited for the excitation of fluorescence in the
dye solution. In experiments, this radiation was transmitted

FIG. 6. Spectrum of the third harmonic �filled circles connected
by a solid line� generated in a 30-cm PCF by 2-nJ 120-fs Cr:for-
sterite laser pulses. Solid lines labeled as dispersive waves show the
effective mode indices nm of high-order PCF modes with field in-
tensity profiles presented in Fig. 2 as functions of radiation wave-
length in the short-wavelength �third-harmonic� spectral range �the
lower abscissa axis�. The bold line shows the effective mode index
nsol of the soliton pump in the fundamental PCF mode as a function
of the pump wavelength �the upper abscissa axis�. Phase matching
is achieved at the wavelengths � where the bold line, representing
nsol���, crosses one of the solid lines, representing nm�� /3�.
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through a 4-cm-thick cell with 50-nM fluorescein solution in
ethanol, giving rise to a visible fluorescence signal. A typical
kinetics of fluorescence excited by the 445-nm PCF output
and measured by a streak camera with a 10-ps time resolu-
tion is presented in the inset to Fig. 7, indicating a standard
nanosecond-scale fluorescence response time. The third-
harmonic PCF output spectrum of Fig. 5 also perfectly fits
the absorption spectra of green fluorescent protein and its

variants, whose peak-absorption wavelengths range from
375 to 525 nm. This suggests an interesting application of
the manifold of short-wavelength spectral components pro-
vided by the third-harmonic fiber output for the excitation of
fluorescent proteins functioning as noninvasive fluorescent
markers in living cells �44�, including cell lineage tracers,
reporters of gene expression, or indicators of protein-protein
interactions.

IV. CONCLUSION

We have shown in this work that soliton regimes of pulse
propagation in optical fibers and in PCFs, in particular, offer
interesting new options for third-harmonic generation. Ex-
periments presented here demonstrate that solitons excited in
a PCF by unamplified femtosecond pulses of a Cr:forsterite
laser can sweep through the spectral range from
1.25 to 1.65 �m, scanning through a manifold of THG
phase-matching resonances with third-harmonic dispersive
waves guided in PCF modes. THG optical nonlinearity and
phase-matching resonances have thus been shown to map a
continuous frequency shift of infrared solitons onto a set of
intense, well-resolved third-harmonic peaks in the range of
wavelengths from 370 to 550 nm at the output of the fiber,
making PCF a compact fiber-format multifrequency source
of short-wavelength radiation.
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